
GIBBS' PHENOMENON FOR HAUSDORFF MEANS0

BY

OTTO SZÂSZ

1. We define the general Euler means of a sequence

(1.1) so, *u s2, ■ ■ ■

by

n

(1.2) <r„(r) = X) Cn,vr\X - r)»-i„ n = 0, 1, 2, • • • ;

here r is a positive number 0<r;£l. For r = l

o-„(l) = s„..

The transform (1.2) is regular, that is, if sn—>s, then

on{r) —> s, as n —» oo.

We define the Hausdorff means of the sequence (1.1) by

n /» 1

» = Z Cn,,s„ I    f(l - r)»-'#(r),       » = 0, 1, 2,
0 J 0

(1.3) Ä.

where ^(r) is of bounded variation in O^r^l.

The transform (1.3) is regular if and only if

(1.4) f #r» -*(i) -rf-(o) = i,
J 0

and if

(1.5) \p(r) is continuous at r = 0(2).

We may assume that ip(0) =0; then the conditions (1.4) and (1.5) become

(1.6) *(D-1,        *(+0) = HO) = 0.

Observe that if s» = l, » = 0, 1, 2, • • • , then

*- =   f   Z C„,,r"(l - r)"-'# =   f   # = 1, m = 0, 1, 2, • • •
«J o «^ o

The transform (1.2) is a special case of (1.3), when we choose
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(2) See for example, G. H. Hardy, Divergent series, Oxford, 1949, chap. 11.
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CO,    for    0 ^ m < r
(1.7) *(«)=<!      . <    <1

U,    for    r 2 « $ 1.

Other special cases are

(1.8) *(«) - 1 - (1 - «)'• Rp>0,

(1.9) *(«) = —- f  flog—Y   ¿y, ici > 0.
r(#) •/ o \     y /

In case (1.8)

r1 r1 r(v + i)r(« - v + p)
I    r"(l - r)n-"d\[>(r) = />  I    r'(l - r)»-*-"-1^ = ¿>-»

Jo Jo r(« + p + l)

c r(n + 1}

r(» + i)r(« - y + i) '

so that (1.3) becomes

1
rtn  *"  "~ /  . Ln+p—f—l,p—lSyÎ

t^n+p.n      0

these are the Cesàro means of order p.

In case (1.9) we get for (1.3)

1     " r1 /       1V-1
K = —— Z Cn,ys,        r'(l - r)"-' ( log — )     dr;

T{p)   o Ja \       r/

these are the Holder means of order p.

It is known that Cesàro and Holder means of the same order are equiva-

lent, that is, they sum the same class of series to the same value.

2. The Fourier series

"    sin vt        1
E -=—{t-Í), 0 < / g r,

i        v 2

converges for all t, and the function has a jump at i = 0. Hence the conver-

gence is nonuniform at ¿ = 0; that is, the sequence sn{tn), where

"    sin vt

(2.1) *.(0-£-'
i        v

and i„—»0 has several limit points, depending on the manner in which tn—»0.

We have, more precisely,

/■ t sin /
-dt,    if   ntn -* t, râO,

o       ¿
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The maximal limit point is attained when r =w, in which case

/x   sin t it
-dt = — X 1.17897

t 2

while

(w - <)/2->ir/2 así | 0.

This is called Gibbs' phenomenon. It then follows easily that if

oo

f(t) ~ X b* sin »^
i

is the Fourier series of a function of bounded variation, and

n

Sn(t) = ~^2 by sin vt,
i

then

2 /"-sin/
Sn(/n) —» — /( + 0)    |       —— ¿Í, as   »¿ft —> T.

Jo

(2A)  f '
J 0

■K Jot

sin /
-dt = 1.17897 • • •   is called the Gibbs ratio for partial sums.

t

Consider now the hn means of the sequence (2.1). The question arises:

When does the sequence {hn(t)} present a Gibbs' phenomenon? This will de-

pend on the choice of the function xf/(t). In the case of the general Euler

transform    (1.2)    our   result   is    (see    [5])(3)

r rr sin t

hn(tn) —* |      —— dt, as ntn —* r.
Jo        t

Thus the maximal limit point is the same as in the case r = 1 of the partial

sums, although Euler's summation method is quite powerful.

For Cesàro means of order p Cramer [l ] proved the existence of a con-

stant c, 0<c<l, such that Gibbs' phenomenon occurs for p<c, and does not

occur for p^c. The Gibbs ratio is obtained by evaluating the expression

2   Ç7 (         u\p   sin m 2   C1
G = max — I    II-1    -du = max — f    (1 — u)v

t>0     7T  J o    \ T / U IT   J 0

sin tu
-du.

o u

Cooke  [2] has shown that

0.40 < c < 0.48.

(3) Numbers in brackets refer to the references cited at the end of the paper.
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Earlier Gronwall gave the approximate value

c = 0.4395.

3. In this section we shall prove:

Theorem la. If ntn—yr< », then, as ra—><»

r1   rT sin ry
*.(*»)-»■ --dydHr).

J o   J o      y

Here hn(t) is the Hausdorff transform of the sequence (2.1). Clearly

•' sin (w + 1/2)*
Sn(t)   =   -   —   +    I

2 Jo
■ dx,

' o       2 sin x/2

so that

» t       S   /*«      1
2_, Cn.^'il — r)1"-'*, =-1-I    -(1 - r + reix)neixl2dx,
o 2       2 J o sin x/2

and, in view of (1.3),

t   r1               J   r1   /•'     1
*»(') - - —       #W + —I-z: (1 - r + re")»6»

2 Jo 2 Jo   Jo  sin x/2
'2dxdrp(r).

Let 1—r+reix=pe<a, where p and a depend on r and x; if r = 0, then p = l,

and a. = 0 ; if r = 1, then p = 1, a = x. In general

(3.1) p2 = (1 - r + r cos x)2 + r2 sin2 x = 1 - 2r(l - r)(l - cos x),

(3.2) p cos a = 1 — r + r cos *,        p sin a = r sin *.

Now

t     J r1 r*    p"
*,,(/) =-h— -e^+^dxdHr)

2        2  Jo   Jo   sin x/2

(Iff      sin (na+ */2)   .   .,, ,
=-1-j       I   pn-■-dx#(r)

2        2 J o   J o sin x/2

sin net cot x/2dxd\p{r)
t       1   r1   r'

2        2 J o   J o

1 r1 r'
H-I       I    p" cos nadxd\p(r)

2 J o   Jo

Í
= - — + Ax(t) + A2(t),    say.

Here, as 0<p^l,
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I Mt) I < ~ f  I <W') I - o(0,
2 J o

so that

hn(t) = 4i(0 + o(t),

Furthermore, from 0<y —sin y<y3,

[November

Í-+0,

i-»0.

cot y-
y I

cos y-
y — sin y       1 — cos y

y sin y

t y
S —y+—»

2 2

hence

1 /•!   /•«
^4i(¿) = — I      I    p" sin na cot x/2dx<

2 J o   Jo
#f»

+ o

From (3.1), p2g 1, so that

/•4   /"       sin )
Pn-

Jo   Jo x

\ Jo   Jo

dxdp(r)

x I sin nad\¡/(r) | d*
)■

¿i(0 = P"-¿*#(r)+0(/2 |#W|)
Jo    Jo * \    Jo /

sin na-J.7>
«/O      ''O

= B(0 + 0(/2),    say,

á*#(r) + 0{t2)

and

Ä„(0
«/o      ''O

sin na
pn-á«#(f) + 0(/).

*

We now assume that t = tn—»0, and nt„-^n< °o. For 0<p<l

n-l

1-p"=(1-/)}Ep'<»(1-p)< «(1 - P2),

hence

(3.3)

It follows that

1 - p» = X»(l - p2), 0 < X < 1.

/' *   /■ ' sin na                         C     C                     sin «a
-dxdrp(r) + » I      I    X(l - p2) -¿*# + 0(0 ;

0     J 0            X                                            J o      J o                                         X
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from (3.1)

x
1 — p2 = 4r(l — r) sin2 — < x2,

so that

C'   C ' sin na (     rl    r'        , ,)
h„(t) =   \ -dxá¡f(r) + O<n I      I    xdx| #(r) |} + O(0-

JoJo* v    Jo    Jo J

Here the second term is 0(nt2)—0(t), hence

C1   r ' sin na
*-(0 = '-d*#(0 + 0(0-

J o    J 0 *

From (3.2) for small values of x

r sin *
tan a = ■-— = z,    say,

1 — r(i — cos *)

and

oo 22v—1

(3.4) a = arctan 3 = X) (-1)"-1-= rx + 0(rx*).
i 2v — 1

The formula

a + ¿»        a — b
sin a — sin 6 = 2 cos-sin

2 2

now yields

a -\- rx
sin »a — sin nrx = 2 cos n-sin 0(nrxz).

2

Thus

/» i    /» í sin fiTX Í   f* ̂     /* ' "1

*»(0 =   I       I    '-— ¿*#(r)+0<   I       I    »*2¿* | #(r) | j- + 0(t)
J o     J 0 x \ J o     J 0 )

r1   cnt sin ry
- ¿y# + 0(nfi) + 0(t)

J o   J o       y

r1    Cnt sin ry

--dydt + 0(t);
Jo   Jo       y

this proves Theorem 1.

4. To discuss the case w/„—> °° we need some sharper estimates in place of

(3.3) and (3.4). The result is:
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Theorem lb. Ifntn-^><x>, then

lim hn(tn) = r/2.

Here h„(t) is the Hausdorff transform of the sequence (2.1).

We first estimate for small positive e the difference

e-n< — (1 — <=)».

We have

e~' > 1 - €,        0 < e < 1,

hence

<r"e > (1 — «)*,    or    1 > (1 — e)ne"e.

Furthermore

0 < 1 - {(1 - e)e'}n < n{\ - (1 - t)e'\,

and

0 < 1 - (1 - e)e< < e2 for 0 < e ^ 1/2.

It follows that

0 < e~ni - (1 — «)» < ne2e-nt,

and, if we replace e by 1 — p2 = 2r(l — r)(l — cos x) g 1/2

0 < e-»<i-V> _ p2„ < „(j _ ^i^-ftdV),

or

Je-n(l-(,2)/2  _  pn||g-n(lV)/2 _|_ p»J    <  „^   _  p2)2e-n(l-/,2)g

Thus

e-n(l-p2)/2  _  pn   <  „(J   _  p2)2g-n(l-p2)/2

or

e-»(l-p2)/2 _ pn = ^„(1  _ p2)2e-n(l-p2)/2i 0  < /3  <  1.

We now find

/*x   /* '     sin «et                 r1   rl           ,     sin «a
5(0=   I      I   p"-¿*# =   I      I    e-»d-p2)/2-d*#(r)

t/ 0     J 0 X J o     J o X

r1   C* ,      sin «a
+ » 1       j    ß(l - p2)2e-»(i-P-)/2-¿*#(r)

J o   J o x

= Ci(0 + »C2(0,    say.
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Next

X^    {* ' dx
I    4r2(l - r)2(l - cos z)2e—-a-ou-co.*) _| #(r) |

j   J o *

= ° f     f   r2(l - r)2x3 exp (- —^ r(\ - r)x2jdx | #(r) |.

Now

f'/w \ 1   f' (      n \
I    *3 exp (-r(\ — r)x2 ¡dx = — I     x2 exp I-r(l — r)*2 )dx2

J, V     2i2 / 2 J0 \     2tt2 /

1   r'2 /      n \
"yJ. y^\-^l-r^)dy

t*   f2 /       n \
<tJ„  ^{-^^-^yjdy

'   2 L     eXP V        «r(l - r) T )\

[1_ejp(.¿r(1_r)„)]
rar(l — r)

so that

Hence,

Next

wC2(0 =0 f  t2r(i - r) | #(r) | = O(0.
Jo

5(0 = cx(0 + o(0,

«„(0 = Ci(o + o(0.

exp (— a sin2 x/2) > exp (-*2 J,        a = 2wr(l — r),

and

exp ( — a sin2 x/2) — exp f-x2 I

exp (-x21 < exp a I — x2 — sin2 x/2 I > .
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Furthermore

x3      x4
0 < *2/4 - sin2 x/2 = (x/2 - sin x/2)(x/2 + sin x/2) < 2x— = —,

8        4

hence

*4

a(x2/4 - sin2 x/2) < nr(\ - r) — >

and

exp (a(x2/4 - sin2 x/2)) - 1 < exp (nr(l - r)xi/2) - 1

= exp (nr(l — r)x4/2){l — exp (- nr(\ — r)xi/2},

so that

= 0(»r(l - r)x4).

It follows that

a                    /      a     \
exp (— a sin2 x/2) — exp (-— x2) = exp I-x2 )0(wr(l — r)x*),

4

narl sin «
I     exp (— 2«r(l — r) sin2 x/2)-

Jo *

Çl        (      n \ sin »a
=         exp ( — •— r(\ — r)x2 J-dx

Jo         \      2 )      x

+ 0<nr(l - r)  f exp Í - — r(l - r)x2Jx3dxi

C'        in \ sin na
=   1    expi-r(l - r)x2j-dx + 0(t2),

so that

C1   T'        /     n                   \ sin »a
Â„(0 =1       I    exp Í-r(l - r)x*J-¿x#(r) + O(0-

We next prove the lemma:

Lemma. For small values of x and for O^r^l

a = a(r, x) = rx + 0(r(l — r)x3).

From (3.4) forr = l,a = x,
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" 1      /sinxV"-1
x = H(-iy-1-—A—)   >

1 ¿V —  1 \ COS X /

- (sin x)2-1 (        1 r2'-2 1
rx - a = rV (-1)"-1-<->

T 2k - 1     I (cos x)2"-1      (1 - r + r cos x)2-1/

" (sin x)2'"1  (1 - r + r cos x)2-1 - r2"-2(cos x)2"-1

" r i 2k - 1 (cos x)2»-1(l - r + r cos x)2'"1

Here the first term is

1 — r + r cos * — cos x 1 — cos x
r sin x- = r(l — r) sin x ■

cos x(l — r + r cos x) cos x(l — r + r cos x)

which is positive and less than r(i —r) sin x(l —cos x)/cos2 x. Let

(1 - r + r cos x)2-1 - r2'-2(cos x)2-1 = g,(r),

then gy(l) =0, and the mean value theorem yields

0 ^ gy(r) Ú 2(1 - r)(2v - 1), ^2;0Srál.

It now follows that

x3
rx - a | < r(l - r)-— + 2r(l - r) £

2    (cos x)4"-2

which proves our lemma. Thus

a = rx + br(\ — r)x3, where | 5 | g 5o a constant.

Now the formula

a -\- b       a — b
sin a — sin b = 2 cos —-— sin-

2 2

yields

/ 1 \   .        5
sin «a — sin nrx = 2 cos nlrx-\-8r(l — r)x3 1 sin n — r(l — r)x3,

so that

r ' n sin «a /• * n sin wrx
I    exp (— ■—r(l — r)x2)-dx =   I    exp (-r(l — r)x2) -dx

Jo 2 x J0 2 x

+ 0<   I    exp I-r(l — r)x2 \nr(X — r)x2dx> .

The last term is
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0<nr(í - r)  f  exp ( - — r(l - r)y)áyi = O(0,

hence

J1    r'        /      n                    \ sin nrx
I    expi -— r(\ - r)x2J-dx + 0(t).

Let

r'        /      n \ sin nrx
(4.2) I    exp (-r(l — r)x2l-dx=qn(r,t),

/* ' sin fix í*r'

(4.3) ?„(0, 0 = 0,       «„(1,0=1    -<** =
J 0 x J o

sm y
-dy.

For0<r<l

/.»ri /     1 — y    \ sin y

?n(r, 0=1       exp (-y2 )-¿y.
Jo \       2rn      /     y

Let

then

r°°  sin x
I      -dx = Si (y),

J y X

/""•'        /l - r     \
qn(r, t) = - J      exp (—— y2J d Si (y) = x/2

(4.4) - Si (rnt) exp (-— rai2 J

j _ r Ami /     j _ r•/•<■»« /     1 — r    \
■ I      y Si (y) exp (-y21 dy.
Jo \       2rn      /m

For fixed ¿>0, qn(r, t) is a continuous function of r in O^r^l. From (4.3)

qn(0, in) —» 0,        qn(l, tn) —» tt/2, as » —» CO .

From (4.4) for e^r^l, «>0

| qn(r, tn) — x/2 |

i        i    i— r     i      i r"     /1_r\
< [ Si (rntn) | -\-max | Si (y) |   I    y exp (-y2 ) dy

m     v>o Jo \       2rn       /

1 - r rx /     1 - r    \
+ -max I Si (y) |  I    y exp I-y2 I dy

m     »go, Ju \       2rn      /
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< | Si (rntn) | + max | Si (y) |   1 - exp (-— <o2 )
v>o L \       2rn       /A

+ max | Si (y) |.
!/&<.

Let now co = co„—»<» so that w2=o(w); it then follows that qn(r, t„)-^nr/2, uni-

formly in e^r^l, and boundedly in O^rgl. Hence

/qn(r, tn)d\p(r) -» — I    #(r), as « -» co ;

letting e I 0, we get, in view of bounded convergence,

f   qn(r, /»)#«-> ^- f   #W = v {*(1) - *(+0)}  = -^ •
J +o 2 J +o 2 ¿

Theorem lb now follows from (4.1) and (4.2).

5. Combining Theorems la and lb, we have the result:

Theorem 2. Ifntn-^r¿ », then

«/ 0      *> 0

' sin ry
*»(*»)-* I       I    •——dyd\p(r), asn-><x>.

For t < oo we find

•1   Cr sin fy rT sin y /"•x sin rr/'*   CT sin r-y                       •*T sin y            /* *         sin rr
I    --dyd^(r)  =   I    --áy-        ^(r)-— dr

o   J o     y                     Joy           Jo             r

C1 ,                 .   sin rr
{1 -*(')} -—¿f.

Jo r

Thus the Gibbs ratio is

2 /*1 , .   sin rr 2 /•T . .  sin y
nax    I     {1 — ip(r) I -dr — — max    I     {1 — Hy/T) \ -dy.
t>o   Jo r x   r>o   Jo y

— max
X     t>0     Jo t X     r>0     J 0

In view of Theorem 2 we get the following result:

Theorem 3. For the Hausdorff means hn(t)

r1 . .  sin rr
lim sup hn(t)  = max    f     {1 — \p(r)} -dr;
n-fx t—>o t>0    Jo r,<->0 T>0

if this maximum is attained for t=t', then

lim sup hn(t)  =  lim h„(tn).
„_,«, (-»o »<„-»■'

For Euler means it follows by (1.7) that the Gibbs ratio is



452 OTTO SZÄSZ [November

2 rr sin tu 2 rT sin y

x

/'r sin tu 2 rT ¡
-du = — max    I    — — dy.

o        u                     X    r>0    J 0

For Cesàro means the Gibbs ratio is by (1.8)

2   r1 sin rr
G = max — I    (1 — r)p-dr.

r>o   x Jo r

For Holder means the Gibbs ratio is by (1.9)

2   r1   ( 1      /"• /       lV-1     ) sin rr
G = max — I     < 1-I    I log — J     dx >-dr.

t>o   x Jo    \ T(p) J o   \       */ )      r

Thus if p = 1, in either case

2   r1 sin rr2   /•* sin
G = max — I     (1 — r)-

x Jo r

CT / r \ sin r

J.O-tJ-r*
2

= max —
x

Now

1 — cos r/"■ sin r            T7 1                              1 — cos rV       rr 1 — c
-¿r =        —¿(1 - cos r) = -    +-

Jo      r Jo    r r       Jo     J o r2

fJ o

/•r/2

--2dy
Jo 4y2

/•Tl2 /sin y\2

+/. (v)á,;

dr

1 — cos r         CT 2 sin2 r/2
- +        -~-*

1 — cos r /• T/2   2 sin2 y
- + -

T Jo 4y2

1 — cos r        /*T/2 /sin y^2

thus

2 M —cost fT/2siny 1    rT \
G = — max <- +   I        -dy — •— I    sin r dr >

x (        t Jo y T Jo P

2              fr/siny\2
= — max    I    (-I dy

x  t>o  *■■ o \ y /

= 1.

The same is true for p>i from elementary properties of the Cesàro and

Holder means.

To discuss the case 0<p<\, observe that in general max /0' {\—ip(u)\
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(sin Tu/u)du is reached when

j     {1 — \¡/(u)} cos tu du = 0.
Jo

Now, if ip(u) is differentiable,

(sin tu)
I     {1 — \f/(u)} cos tu du =   I      {1 — \p(u) ] du

Jo Jo

1 - 4>(u)
-sin r«    H-I    sin TU-ip'(u)du

Jo T   Jo

1   rl
= — I    ^'(M) sin ru du = 0,

T   Jo

if

(5.1) I    H(u) sin rw ¿m = 0.
Jo

For Holder means by (1.9)

r(i>)J« V     y)
i    r1/     iN^1— J   flog—J    ¿y,

thus (5.1) becomes

fY     iN^"1
I    I log — 1      sin tu du = 0.

Let

1     r1   r1 /       1 \p~l    sin tu
(5.2) —-  I (log-)     dy-du = gp(r) = g(r),

T(p) J o   J u \      y I u

then there is no Gibbs' phenomenon if and only if

g(r) =" x/2 for all t > 0.

We have

(5.3) ¿(t) =   f   {1 - H1")} cos tu du
Jo

i r1= -1 n
T   Jo

'(u) sin tu du.

Here
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(5.4)

1    /•»/      ix*-1

1       / 1 \P-!

^) = r^)(l0g7)   ■T(p)

1- p   l /      1 V"2
*"(«) = —-r—(log —)      >0, 0</><l.

T(p)    u \      uf

Pólya [4, pp. 374-375] proved that if f(t) >0 and/'(0 >0, then

*) =   f/(0
Jo

F(z) =   I    f(t) sin zi dt
Jo

has only real and simple zeros; there is no zero in 0<z2=x, and each of

the intervals vir<z<(v-\-X)iv, v = \, 2, 3, • • • , contains exactly one zero.

Pólya also proved that

(5.5) sgnF(Kx) = (-I)-1, k=1, 2, 3, •••,

and

(5.6)
V(z)        V'(0)        " V(vw)

z sin z

" V(vw)/     1 l     \

»=.1 KX       \Z  —   KX Z  +   KX/

This result is applicable to f(t) =^'(0 if 0<£<1. Thus, all zeros of g'(0 are

real and simple, and each of the intervals j»x<t<(i'+1)x contains exactly

one zero. Furthermore

Tg'(r)        If1 A /I 1     \
-if-i. = -       uV(u)du + £ (-I)Y(kx) (-+ —-).
r sin r        t J o »-i \t — vît      r + ex/

Now

rl 1    T1   /     IV"1 1    c°
I    u\p'(u)du =- I    «   log—       du = - I    xp-1e-2xdx = 2r",

Jo T(p)Jo     \      u) T(p)J0T(p)Jo     \      u) T(p)

so that, using (5.5) and (5.6)

sin t " .
g'(t) = 2-v-2Z\S'M

r ,_i

It follows that

f ' C ' sin t "  , .   C '    t sin t
I'M* = ?(0 = 2-'        -¿r - 2 E I «'(«r) I-— dr.

Jo Jo       t »=1 Jot'' — kV

We write
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max gp(t) = m(p);
T>0

it follows from the definition of Gibbs' phenomenon and from elementary

properties of the Holder means that m(p) decreases to x/2 as p increases, thus

there is a constant 7, 0<y^l, so that the Holder means present a Gibbs'

phenomenon for p<y, but not for p^y. Clearly m(p)=ir/2 for p^y.

Denote the positive zeros of g'(r) by n, r2, • • • , then

x < tj < 2x < T2 < 3x < • • • .

g(r) has a maximum atr = Ti, and a minimum at r=r2. Decomposing the inte-

gration in (5.2) into subintervals in which sin tu is either positive or negative,

one can show that for £ = 0.6 and t>3tt

(5.7) |f,(0|<x/2.

From (5.3) and (5.4)

r1 /       IV-1   " t2'-1u2"-1
np)rg'(r)= (log-) E(-l)'-17--—du

Jo   \       «/ i (2v — 1)1

T(p)   " t2-1        1
-^Z(-i)-1—-

2"     i (2k- 1)1 v*

hence

1   «                            t2-1 1
(5-8) f(r)- _£(-l)-i--—---■

2P   i (2k — 1) !(2k — 1)   kp

Using this formula, further computation shows that (5.7) holds also for

£ = 0.6 and 0<r<3x. It follows that 7<0.6, and (5.7) holds for p>0.6 and
r>0. We can also employ (5.8) to find a lower bound for 7. The computations

were carried out by Fanny Gordon under the direction of Dr. Gertrude

Blanch. It was found that for

p = 0.5800,        t = 4.25318,        2"Tg'(r) = - 0.0000329,

and

g(r) = 1.571899 • • • > x/2 = 1.570796

Thus, 7>0.5800. Further calculation shows that 0.58<7<0.585, and for

£ = 0.5826 • • ■ , we have n = 4.2598 • • • , and g(n) =1.5708
It is noticeable that 7 is essentially larger than the corresponding con-

stant for Cesàro means: c = 0.4395 • • • .

For the discussion of g(r) and g'(r) we may also employ asymptotic esti-

mates similar to those of Gronwall.

In closing we mention two notes on the Gibbs' phenomenon by B. Kuttner
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in J. London Math. Soc. vol. 20 (1945) pp. 136-139, and vol. 22 (1947) pp.
295-298. Here a different type of transforms is considered; we shall give

more details in a forthcoming paper.
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